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HEAT-CONDUCTION PROBLEM FOR A PLATE WITH A SQUARE CUT

Yu. M. Kolyano, V. I. Gromovyk, and Ya., T. Karpa UDC 536.24.02

A method of determining the steady temperature field in a thin plate with a square
cut is proposed on the basis of the theory of function continuation.

Consider a plate of thickness 28 with a square cut, at the surface Ix;l = b, lle < b3
|x2] = b, |x;| < b of which a heat flux q/28 is specified, i.e.,
}"T;i |Ixi|=b N(xiil) =F E%N(xi:tl)’ i=1,2, 1)

where N(xq) = S+(xi + b) — S_(x4 — b) are asymmetric functions of the cut; T,i = BT/Bxi; the
subscript 1 + 1 in Eq. (1) means that
2, i=1,

i+l=
{ 1, i=2;

at infinity the temperature is zero. The cut dimension 2b is commensurate with the plate
thickness 28.

The heat-conduction equation for determining the temperature field in the given plate
takes the form [1]

AT = #°T, 2)
where 2 @ A A + s is the Laplacian operat
= — = — _— [} or.
N o oxd P P
Introducing the function
B = TN (x1, X3), (3)

where N(xi, X2) = 1 — N(x,)N(xz), its first and second derivatives with respect to x;, X2
take the form

O =TV (x0, ) —[T], o8t +0)— T, _, o8 (5 — DIV (x,,)),
0,5 = TN (1%5) — [T ,; [xz-=—b—06+ (x; +0)—T,; lxi:b+05- (xi—0) + (4)
+ Txi=—b—0 54_ (x; +6)—T lxizb+0 8 (x;—Db)N (x,.), =12,
where
dS. (§) o ddx (§)
S: = ==, Ox = -
Q) =5 ©= =%
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Multiplying each term of Eq. (2) by N(xi1, X2) and taking account of Eqs. (3) and (4),
the following equation with singular coefficients is obtained:

2
AD— w0 = — W [Tlmp0 8 (i +D)

— T | ympr0 87 (2 —b) + T lym—po0 S (%; -+ b) — (5)
Tn Ix,—b+06+ (xl - b)] N (xl:tl)

Introducing the integral characteristic [2]

b b

1 1

b=— % j sy b0y dXg= TS T |y (p-r0)d%y (6)
Zp “p

and taking account of the boundary conditions in Eqs. (1) and (6), Eq. (5) may be replaced

by the equation

2
A8 — %20 = — W {QIB+ (x; + b) + 8_ (5 — )] + 8184 (v, +b) — 8 (x; — B} N (x,, )- (7)

Using an integral Fourier transformation with respect to x4, the solution of Eq. (7)
when 6;ly)..=0 1is found in the form

2 xb—0

1 —
0= —*2 5‘ {Q [Ko (Kﬁz:tl) + Ko (#fii1)] — Mﬁ[ z;|:1 Kl (Kﬁz:tl) — ..__‘E’E_L.__b_ K, (”ﬁlil)]} (8)

27 Sl 22540 ﬁzj:l Bl:l:I

From Eq. (8), when x, = b + 0, taking account of the limit [1]

lim (x, — b) :w—- = n6 (%) (9)

Xy +b 51

and the identity S(x2 + b — 0) — S(x2 — b + 0) = N(x2), the following expression is obtained:

L be{ QUK (47) + K, ()] — ““’[ 2t g o) — 2= K, b >]} dt +
B 2 ’ 52 [52
Xy+b—0 - Qb
+x2_£+0 {Q [Ko (0 40* — ) + Ko (% | L) — # Vi K, (xV4b* + &) }dg + N (x2)>, (10)

Here and above, B7=V(x; £ 0+ j=1,2, i1, Substituting Eq. (10) into (6), ¢ is deter-
mined. Hence

X+B
2

+ B -
0% __1_ S {Ko (VE;B;-) LK, (VEB;) ol/Bl [(Xz + B) K_‘{(l BlB ) (Xz B) Kl—(l/ Bi By) J}d‘é +
2n B Ba
X;—B
Xz"l.’B /__. - + ]r——. —
t5m | [o/Bish + K/ Bien- 2V BTG D LEBIED (W= AKIEA ] av
2n o 2 Bi Bi

where

2B 28 2B
A={{ [KJVBIE F D)kt + (@B~ [KolV BidB® + &)1 +
0 0 b
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Fig. 1. Temperature distribution in plate when B = 1 (a),
0.75 (b), 0.5 (c¢) and Bi = 0.01 (1), 0.25 (2), 0.49 (3), 1
(4) (X2 = B).
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From Eq. (11), when X; = B, B = 0.5, 0.75, 1, the change in dimensionless temperature
field along the abscissa is calculated. Tt follows from Fig. 1 that the temperature decreas-
es with increase in heat liberation from the side surfaces of the plate and with decrease in
size of the quadratic cut. :

NOTATION

a, heat-transfer coefficient from the side surfaces z = *+§ of the plate; A, thermal con-
ductivity; S4(z), asymmetric unit function [2]; K, (), Macdonald function of order v; §(z),
Dirac delta function; 2§, plate thickness; Bi, Biot number.
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