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HEAT-CONDUCTION PROBLEM FOR A PLATE WITH A SQUARE CUT 

Yu. M. Kolyano, V. I. Gromovyk, and Ya. T. Karpa UDC 536.24.02 

A method of determining the steady temperature field in a thin plate with a square 
cut is proposed on the basis of the theory of function continuation. 

Consider a plate of thickness 26 with a square cut, at the surface lx, l = b, [x,[ < b; 
[xal = b, IxxI < b of which a heat flux q/26 is specified, i.e., 

~T,ill,~il= o N (xi+O -= -T- -~s N (xi:i:l), i -= 1, 2, (I) 

where N(xi) = S+(x i + b) -- S_(x i -- b) are asymmetric functions of the cut; T,i = 3T/~xi; the 
subscript i • 1 in Eq. (i) means that 

i : k l : ~ 2 '  i---- 1, 
1, i ----2; 

at infinity the temperature is zero. The cut dimension 2b is commensurate with the plate 
thickness 26. 

The heat-conduction equation for determining the temperature field in the given plate 
takes the form [i] 

AT = • 
( 2 )  

where z ~ = = �9 
~6 

0~ 0 ~ 
A = iOx--" ~ k ~Ox-" ~ i s  t h e  L a p l a c i a n  o p e r a t o r .  

Introducing the function 

O = T N ( x l ,  x~), 

where N(xx, xa) = i -- N(x,)N(x2), its first and second derivatives with respect to xt, x2 
take the form 

(3) 

where 

0,~ = T , iN  (xl,  xz) - -  [T ]~i=_b_06+ IX~ + b) - -  T [~i=b+06 (Xi - -  b)] N (xi+_1), 

O,u = T , u N  (xlx2) - -  [T,i [xi=-b-o6+ (x; + b) - -  T,; [~;=b+o6_ (x ; - -  b) + 

+ T~i=_b_o6+(x~ § b ) - - T ] ~ = b + O 6 " _ ( x i - - b ) ] N ( x i •  i =  1,2, 

a-+(O= dS+- (~t ; 81_(0 ds+_ (O 
d~ d~ 

(4) 
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Multiplying each term of Eq. (2) by N(x,, x=) and taking account of Eqs. 
the following equation with singular coefficients is obtained; 

2 

ao - ~~o = - ~ [rlx,=-~-o ~$ (x~ + b) _ 

i =  1 

- -  T ] xi=b+0,5i (x~- b) + T,~ I~=-~,-o 8+ (x~ + b) - -  

- -  T , i  [xi=b-}-o~)- }- (X, i - -  b)] N (xi+ I)" 

(3) and (4), 

(5) 

Introducing the integral characteristic [2] 

b b ,j' 
- -b  - - b  

and tak ing  account of the boundary cond i t i ons  in Eqs. (1) and (6) ,  Eq. 
by the  equat ion  

2 

A0 - -  • = - -  ~ {Q [6+ (x~ + b) + 6_ (x~ - -  b)l + e [6+ (x~ + b) --  t) i (x~ "b)l} N (X/el). 
i=I 

Using an integral Fourier transformation with respect to xi, the solution of Eq. 
when 8 i]xiI~. = 0 is found in the form 

2 xi+O--O 

0 -~ 2~ q[K~ + K ~  xlq' k - - / +  1 KI(M[3+I) x ' : e l - -b  
i=, ~i_b+o [3~f 

(5) may be replaced 

(6) 

(7) 

(7) 

K~ (x[5~i)]} d ~ . (8) 

From Eq. (8), when x, = b + 0, taking account of the limit [I] 

K, (• lira (xl -- b) -- = a8 (• 
~,-b ~7 (9) 

and the identity S(x= + b -- 0) -- S(x= -- b + O) E N(x2), the following expression is obtained: 

Tl~=~+o = 2 ,  < ~{Q[~o(.~ +) + r o("~r)]-- . 0  ~ + b 
o ~+ 

x2+b--O 

+ S {Q[Ko(• --  ~2) + Ko(• I~l)]-- • 
x~--b+O 

2b K~ (• ]/4b 2 + ~)  }d~ + ~'0'N (x2)). 
V ~ +  (io) 

Here and above, ~----~ ___ b) 2 + ,~2, ] __ I, 2, i :h i. Substituting Eq. (I0) into (6), ~ is deter- 
mined. Hence 

X,+B 

I S {Ko(~r~B+) + Ko,]/~BT)_ Aol/~.[(X2 + B)KIO/-~BiB+) (X~--B)K'(V-~IB2) J}d~ + 
2n 2 B + B? 

Xa--B 

1 +Vs 
X2+B 

X2 --B 

+ Ko (V'~BF)-. A~ [ (XI+ B)KIB+I (V-~11B+~) (X~--B)K~BI(V-~tBF)]} d~, (Ii) 

where 

2B 2B 
Ao= <~ ,f Ko [V-Bi (~"-1- ~2)]d~d~ + 

0 0 

2B 

,I (2B- ~) {Ko [VBii4B 2 -5 ~')1 -5 
0 
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Fig. I. Temperature distribution in plate when B = I (a), 
0.75 (b), 0.5 (c) and Bi = 0.01 (I), 0.25 (2), 0.49 (3), I 
(4) (x, = B). 

/ nB~ 2B 1 ";'B 
+ 2 + So K tV (4B*v4B  + + T ol(Z(o(V   -- otVSi(4n* + + 

-k B [Ko (2B ]/ '2Bi) - -  Ko (2BV'B-]')]~/-~ , 

B ~ =  V ( X ~ •  ~'~, X i  - x~ B .= - - -  
6 '  

B i -  a6. ,  O* =- 4~X620, i ----- 1, 2. 
~, q 

b 

6' 

From Eq. (ii), when X2 = B, B = 0.5, 0.75, i, the change in dimensionless temperature 
field along the abscissa is calculated. It follows from Fig. i that the temperature decreas- 
es with increase in heat liberation from the side surfaces of the plate and with decrease in 
size of the quadratic cut. 

NOTATION 

a, heat-transfer coefficient from the side surfaces z = • of the plate; %, thermal con- 
ductivity; S• asymmetric unit function [2]; Kv(~) , Macdonald function of order ~; 6(~), 
Dirac delta function; 26, plate thickness; Bi, Biot number. 
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